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A three-element model of braking process is proposed. In order to determine the temperature fields in
each element of the model, the analytical solution of a boundary-value problem of heat conduction for
tribosystem, consisting of the semi-space, sliding with the time-dependent velocity (braking at uniform
retardation) on a surface of the strip deposited on a semi-infinite foundation, is obtained. The results of

the numerical analysis for different materials applied in a braking system, cast iron-FMK-11 metal
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1. Introduction

It is well known that mechanical energy is transformed into
thermal energy whenever friction occurs. This frictional heating
is responsible for temperature increase of the contact surface of
bodies and has considerable influence on the tribological behav-
iour. Therefore, the problem of frictional heat is of a great theoret-
ical and practical interest to researchers.

The heating problems of friction can be examined through a sta-
tionary, quasi-stationary and a nonstationary statements. If the slip
velocity is low then the convection caused by the motion does not
change the temperature and heat fluxes, as well as the process of
heat conduction for given external conditions lasting long enough
that the influence of initial conditions can be ignored, then in the
previous both cases the thermal contact can be assumed as station-
ary one. A quasi-stationary thermal contact takes place under the
condition of sufficiently long duration of friction between bodies
being in motion. Whereas, a nonstationary thermal contact is
either conditioned by a nonstationary distribution of the contact
pressure or by a time-dependent slip velocity as well as by the fact
that the development of heating process is considered from some
initial time.

The thermal processes during braking are nonstationary and of
short duration. A criterion for evaluation of the frictional thermal
strength of materials applied in the contacting pairs, in which
the principal role plays the temperature of friction has been
proposed by Chichinadze [1]. In the latter paper by Chichinadze
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et al. [2] the following algorithm for calculation of contact temper-
ature for various types of braking systems was proposed:

- maximum temperature rise in the contact surface is given as
the sum of the flash temperature and the average tempera-
ture of the nominal contact area (or its contour) caused by a
heat flux on its surface;

- for calculation of the temperature flash, sliding of a pin on
the surface of a smooth semi-space is considered;

- the average temperature is obtained from a solution of a
one-dimensional contact problem with transient frictional
heat generation.

Generally speaking, the one-dimensional models correspond to
those cases when the heat flux can be assumed as normal to the
contact surface (Peclet number must be large). The verification of
many analytical solutions with the results from the experimental
data which refer to the work of the braking devices, shows that
the one-dimensional models may be considered as sufficiently
good approximation for the computation of the brake systems with
heat generation taken into account [3,4]. The theoretical model for
average temperature calculation and wear during braking, is pro-
posed in the papers [5,6]. The model is based on the assumption
that the friction elements can be treated as a semi-spaces. The
assumption is valid when the operating conditions and frictional
heating regime are such that a deep layers of the working elements
don’t have any considerable influence on the contact temperature.
But still exist so called heavy friction modes as for example the air-
craft brakes systems, when working elements of brakes are heated
through their thicknesses. The solution of the heat problem of
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Nomenclature
d strip thickness
erf(x) Gauss error function

erfc(x) = 1—erf(x) complementary error function
ierfc(x) = m~1/2 exp(—x?) — xerfc(x) integral
of the error function erfc(x)

f frictional coefficient

H() Heaviside’s step function

K coefficient of heat conduction

k coefficient of thermal diffusivity

Do pressure

q=fVpo intensity of the frictional heat flux (the friction power)

T temperature

Tiax maximal temperature

To = qd/K temperature scaling factor
T'=T/T, dimensionless temperature
t time

tmax time, when maximal temperature is reached
ts braking time

Vv velocity sliding

Vo initial velocity sliding

z spatial coordinate

Greek symbols
7 = kit/d? dimensionless time (Fourier's number)
s = ket/d’> dimensionless braking time

{=z/d dimensionless coordinate
Indexes

f bottom semi-space (foundation)
s strip

t upper semi-space (top)

friction during braking in the case of the finite thickness of the
brakes working elements has been obtained in papers [7,8].

The metal ceramics and mineral-ceramic frictional materials are
widespreadily used in brake systems nowadays [9]. This could be
explained by their high thermal stability and high wear resistance
[10]. A friction patch of a brakes is designed as a thin cermet strip
based either on iron or on copper. In the process of braking, this
patch is pressed to the counterbody (brake drum, disk, rim of the
wheel, etc.). As a result of the friction action on the contact surface,
the kinetic energy transforms into heat. The elements of brakes are
heated and, hence, the conditions of operation of the friction
patches become less favourable: their wear intensifies and the fric-
tion coefficient decreases, which may lead to emergency situations
[11]. Thus, the problem of heating limitation of is one of the most
important in brakes design [12].

In the present paper, we derived the solution of the thermal
problem of friction for a tribosystem consisting of three bodies:
the upper semi-space (the grey cast iron disk) sliding with the
velocity V(t)=Vo(1-t/t;), O0<t<t, (braking with constant

retardation) on a surface of the strip (FMK-11 cermet frictional ele-
ment of the patch) deposited on a semi-space (the steel foundation
of a patch). The corresponding problem at V = const. (the uniform
sliding) has been studied in article [13].

2. Problem formulation

The problem of contact interaction of two semi-spaces is con-
sidered, where one of them is homogeneous and the other is a
semi-infinite foundation with a strip of thickness d deposited
on its surface. The constant pressures po in direction of z axis of
the Cartesian system of coordinates Oxyz are applied to the infin-
ities in semi-spaces (Fig. 1). The upper semi-space slides with
velocity

5 1)

in the direction of the y axis on the strip surface. Due to friction, the
heat is generated on a contact plane z = 0. It is supposed, that the

V(t) = Vo (1 —£>H(ts —1), t>0,

F,

1

Fig. 1. Scheme of a three-element brake system.
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sum of the intensities of frictional heat fluxes directed into each
component of a friction pair is equal to the specific friction power
[14,15].

Let us find the distribution of temperature fields and intensities
of heat fluxes in the frictional elements. Further, all temperatures
and the physical parameters concerning a top semi-space, strip
and foundation will have bottom indexes “t”, “s”, and “f”, respec-
tively (Fig. 1).

The transient temperature fields T, sz, t) can be found from the
solution of the following transient heat conduction problem of
friction:

O°Te(z,t) 1 0T(z,t)

7 kot 0<z<oo, t>0, (2)
O°To(z,t) 1 0T4(z,t)
i T —d<z<0, t>0, 3)
°Ty(z,t) 1 dTy(z.t)
I T —o<z<—d, t>0, (4)
Ts(0,t) = T¢(0,t), t>0, (5)
oT, oT;
Ki— -K (t), t>0, (6)
a z=0— [aZ z=0+
Ts(=d,t) =Tf(—d,t), t=0, )
aoT. oTy
KSE e =Ki— 52, t>0, (8)
Te(z.t) 0, z— o0, £ >0, (9)
Te(z,t) -0, z— —o0, t >0 (10)
Ti(z,0)0=0, 0<z< oo, (11)
Ts(z,0)=0, -d<z<0, (12)
Tf(z,0) =0, —-o0<z<—d, (13)

where taking relation (1) into account we have

q(t) = qoq'(t), t>0, (14)
@ =Nopo, a'0)= (1= JHEt -0, €20 (15)
Let us denote by

(=2, r=%, rs=k;—§s,

1<;:%, 1<;:%, k)f:;:—’;, k;:%, (16)
TO:G;??, Tj:]T,—;, T;:;—;, T;:;—ﬁ. (17)

By taking denotes (16) and (17) into account, the parabolic bound-
ary-value problem of heat conduction (2)-(13) can be written down
in the following form:

T () 19T

o _kj P 0<{<o0, T>0, (18)
Ty 7) ATy T)

T -1<({<0,1>0, (19)
PTi T ATi(¢, T

f(f )_1ED o1 1o, (20)

o ke ot
T(0,7) =T;(0,7), =0, (21)
oT: LT

- =q'(t), >0, 22

2 q(7) (22)
Ti(-1,7) =Tj(-1,7), >0, (23)

oT; oTy
—s KL >0, 24
aéf A f = ( )
T; (1) =0, {—o0, 20, (25)
T; (1) =0, {— —o0, T>0, (26)
T;((,0)=0, 0<{<oo, (27)
T(0,0)=0, -oo<{<-1, (29)
where
7 (1) = (1 - 3) H(t,—1),7>0 (30)
S

3. Problem solution

We perform the Laplace integral transform [16]
Ti@p) = [ Tisy(0) exp—pryde (31)

on the heat conduction Egs. (18)-(20) and the boundary conditions
(21)-(26) with the homogeneous initial conditions (27)-(29) for the
temperature. Thus we have

¢T;(Cp) P _
a7 1<T(p)*0’0<5<oo’ 52
27 o
des—ég’)_pT;(;p):O, -1<(<0, (33)
d*T; (¢, p)
a &P pa _0 _ _
dCz I (é p)=0, —oo <{< -1, (34)
T:(0.5) = T:(0.p), (32)
dT:((,p) LT3 (¢,p) o
s — K= =q 36
_ d¢ (=0- Codt =0+ T o
Ii(=1,p) =T;(=1,p), (37)
dT; (¢, p) 4T3 (Cp)
Sl =K 38
déf 1y f d(;' ;:7177 ( )
T(6p) =0, L= o0, (39)
T ((;p) = 0, { — —o0. “0)

By using technique found in the paper [13] we obtain that the
solutions of the ordinary differential Eqs. (32)-(34) which satisfies
the boundary condition (35)-(40) have the form:

T?(Cp* Ht ZA"{exp{<2n+\/%>\/ﬁ}

+4f €Xp [—<2n+2+\/%>\/5}},0§é<oc, (41)
HEO R IZA"{exp (2n -0l

+irexp[-(2n+ 2+ O)vp] -1 < <0, (42)
T 2q°(p) o AR (1+9
T, = A —12 1-
A (TR D il T E N

VD p —oo< (<1, (43)
where

K _K K
Y N LY (44)
k “K\Vk / an?

An_{}v“, 0§i<l,
LY

45
-1<4<0, (45)
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1-¢&
1+¢’

1—£f

A= /Lt)\,f7 )~t = 1 T gf,

= (46)
q*(p) is the Laplace transform (31) of the heat flux intensity (30).

Inversion of the formulas (41)-(43) is made by the convolution
theorem for Laplace’s integral transform [16]:

L(t) = L' [G( /qk §de, >0, k=0,1,
(47)

where

* _ T « P _ 1 _

qk(r)f(r—s), )= k=01 (48)

Q0) =S exp(~50). QP) =5 Xp(—vap). a>0. (49

Based on formulas (48) and (49), functions L,(t) (47) are written as:

1 reyer et )

For calculation of integrals in the right-hand side of Eq. (50) we use
the substitution

a 1 /a

Then, from (50) it follows that

Lo(7) = %\/%Io(w)v Li(7) = % \/%(%) lo(®) — w?li(w)],  (52)

where

o= [ St

Integrating (53) by parts we find [17]:

2
Io() =2V @) () = 2 [XRCT)

k=0,1. (53)
ferle() ()] (54

Substituting functions (), k = 0,1 (54) into formulas (52) we ob-
tain finally:

k

L(1) = Zﬁ@) Fi(@), k=01, (55)

where

Fo(w) = ierfc(w), Fi(w) =37"12(1 + w?)ierfc(w) — werfc(w)].
(56)

Taking into account the form of function Li(w), k=0,1 (55) and
(56) from solutions (41)-(43) we find dimensionless tempera-

tures T®°(¢ 1), k=0,1 for intensities of heat fluxes
q;(1),k=0,1 (48):
2VT (7T
k)« » _ np(k)=
Tt (g"c)_(]+8t (S) ZAT
O§{<oo,‘620,k:0,l, (57)
4 1 . 4 1
T — Fe|(2n+—— ) ——| + 4F|[2n+2 + ,
tn =T k) 2ve| T k) 2v7
n=0,1,2..., (58)
Zﬁ T k o~
(k)* _ -
Y = (£) LA G

; 2n+2+¢
s =R (M)
n=01,2..., (60)
47 T\
T(k)*u () An
P e ) 2N E
—o0<({<-1,7>0,k=0,1, (61)
. 1+¢) 1
TV (¢ 1)=F||2n+1- —|, n=01,2.... (62)
f_’n ) P bl LS
kf 2V

Taking the form of function q'(t) (30) and linearity of the boundary-

value problem of heat conduction (18)-(29), the dimensionless

temperature at distance |{| < oo from the surface of friction may

be presented as the superposition [18,19]:

T, HT) + TV (T —15)H(T - T5), T>0.
(63)

4. Some particular problem solutions

In the case of identical physical properties of a strip and founda-
tion (K; =K, ks =ks) from formulae (16), (44)-(46) it follows that
K =1,k =1, = 1,7 =0,A = 0. The Egs. (57)-(63) at n =0 give
the solution of the problem of heat generation at braking with uni-
form retardation for two semi-infinite bodies:

) 2T _
T (¢,7) = Tre) F 2\/_ , 0<(<o0,7>0,k=0,1, (64)

:%&) Fk<—ﬁ%>, Co0<(<0,7>0,k=0,1. (65)

Substituting solutions (64) and (65) into the right-hand side of Eq.
(63) at {=0, 0 < T < 15, we obtain the Fazekas known formula for
the calculation of dimensionless contact temperature [20]:

T;(0,7) = T;(0,7) = 2 kf—;'(l——), 0<T<1. (66)

At identical material properties of the top semi-space and strips
(K¢ =Ks, ke=ks) from the formulae (16), (44)-(46) it follows that
K;=1,k; =1, =1, =0,A =0 and we obtain:

- ) o) o)

0<{<oo, >0, k=0,1, (67)
k
(ke _ x
60 =vi(g) [R(aye) +irk(5z)
-1<(<0,7>0, k=0,1, (68)
(ks _ 2Vt (l)k 1) 1
O =mqig\z) f Ji ) 2|

—oo<({<-1,1>0, k=0,1. (69)

In the case of identical physical properties of the top semi-space
and foundation (K; = K=K, k= k= k), the dimensionless tempera-
tures are calculated under formulae (57)-(63), assuming ¢, = &= ¢,
Je=Ap=7, A =2% where

l-¢ K

) Ko
T1+el T VK K’ N

k
K (70)
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If the materials of all elements are identical (K; = K = Kj, k¢ = ks = k)
then in Eqs. (64) and (65) it is necessary to put in addition
ki =1,ec=1ork; =1, =1, = 0 in Egs. (67)-(69).

5. Numerical example

The numerical results have been computed for the commercial
friction pair ChHMKh cast iron disk (the upper surface) and metal-
ceramics FMK-11 frictional element of the patch (strip) on
30KhGSA steel base (foundation), for which [2]:

e ChHMKh: K;=51Wm 'K, k;=14 x 106 m? s 1;

e FMK-11: K,=343Wm 'K, ks=152 x 105 m?s7;

e 30KhGSA: K;=37.2Wm™' K, k=103 x 10°°m?s™".

The friction conditions are: po=1MPa, f=0.7, Vo=30ms !,
t; = 3.44 s. The initial temperature equals T;s/(z,0) = 20 °C, |z| < cc.

Isolines for the temperature constructed in the coordinate sys-
tem (z,t) are shown in Fig. 2. The maximal temperature
Tmax = 740 °C is reached on a contact surface z=0 at the moment
t = tmax = 1.6 s, which is not much lower than half value of braking
time t; = 3.44 s. This result corresponds well with the experimental
data Tyax = 760 °C, published in monograph [2, p. 71].

The temperature evolution on a contact surface z = 0 for various
values of strip thickness d, is shown in Fig. 3. For the fixed value of
strip thickness, temperature is increasing rapidly with initializa-
tion of braking process, the maximal temperature is reached at
the moment which nearly corresponds to half of braking distance
(as it was mentioned above for d=5mm we have T.x=T(0,

A.A. Yevtushenko, M. Kuciej/ International Journal of Heat and Mass Transfer 52 (2009) 2942-2948
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T T ' 1

t[s] m
Fig. 3. Evolution of the contact temperature T(0,t) at braking for different values of
the strip thickness d.

temperature decreases to its initial value. The results for the
boundary value of strip thickness d =0, were achieved with use
of the contact problem solution (63)-(65) for two semi-spaces: a

tmax) =740 °C, tmax=1.65). With a time passing by, the top one made of cast iron and bottom - the steel one. The curve
0.01 1.0 2.0 3.0 4.0 5.0 6.0 7.0 t[s] 8.0
10.0 : ‘ : : : : : 10.0
z [mm] z [mm]
semi-space
8.0 (cast iron) . Ls.o
/ Tw\so
oo, ° / \ .
S & /—\ %
/ e %
4.0 » 4.0
K
2.0 i? % 2.0
/ e @«»{\ §
0.0 /// \/ / l / / /l 0.0
* & s 8 § 8
2.04 @, \_/ -2.0
00 -
4.0 5% strip 4.0
“‘i E (FMK-11)
&
6.0 & / 6.0
8.0 %\/‘ﬁ 8.0
foundation
2 ]| Cea) lz| [mm]
10.04 T T T T T T T 10.0
0.01 1.0 2.0 3.0 4.0 5.0 6.0 7.0 t[s] 8.0

Fig. 2. Isotherms of temperature T(z,t) for the strip thickness d =5 mm.
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d = oo represents data obtained for the top semi-space made of cast
iron too, and bottom made of FMK-11 cermet, respectively.

The temperature distribution with distance |z| from contact sur-
face at the moment t=t,.x=1.6s, when temperature reaches
maximal value, at the stop moment t = t; = 3.44 and at the moment
after being stopped t =6s, when the cooling of tribosystem being
under study takes place, is shown in Fig. 4. It could be noticed then
that for t = tax, the temperature decreases with thickness linearly
and could be calculated from approximate dependence: T(z, tmax) =
121.01z + 740.62, -d <z < 0.

The effective heat penetration depth, the depth where temper-
ature decreases to 5% of its maximum value on the contact surface,
is equal nearly 6.5 mm in both directions from the contact surface.

Dependence of the maximal temperature Tyax = T(0,tnax) ON
strip thickness d is shown in Fig. 5. It could be noticed that influ-
ence of strip thickness on maximal temperature is significant for
interval 0.01 mm < d < 8 mm. Whereas for values out of this inter-
val, the temperature can be calculated with the use of contact
problem solution with frictional heating during braking for two
semi-infinite bodies (63)-(65).

With the increase of braking time t;, the temperature value in-
crease (see Fig. 6). This increase has nonlinear nature and approx-
imately can be described by the following function:
Tmax = 4.94t3 — 62.37t2 + 382.46t;, — 37.54,0.55 < t; < 5s. At the
same moment, dependence of time t,,x, When maximal tempera-
ture is reached on braking time has linear nature: t;,x = 0.4624t; +
0.0353 for 0.5s < t; < 5.

On the friction surface the dimensionless temperature TE’”*(O, 7)
(57), (58) and T** (0, 7) (59), (60) are equal and depend on dimen-
sionless material parameters & and & (44). These parameters are
known as “coefficients of thermal activity” [21], where &; charac-
terizes thermal activity of the material of the top semi-space
relative to the material of the strip, and & — of the substrate to
the strip. Dependence of the maximal dimensionless temperature
Thax = T1(0, Tmax) = T;(0, Tmax) from parameters & and & is shown
in Fig. 7. When the & parameter is fixed, and the & increases from
zero to five, the temperature on the contact surface decreases.
Regardless of the value of the other parameter ¢ the further in-
crease of ¢ does not change the maximal temperature. When the
g is fixed, the increase of ¢ changes the contact temperature

750
T[ClH

t=t ..x=1.6s

650+ strip
1 (FMK-11)

600

upper semi-space

550 (cast iron)

500i foundation

450 (steel)

400

350

300.] t=t=3.44s

250

r~r-rr~rr-r-rrrr-~1rr 1Tt T T T T T
9 8 7 6 5 4 3 2 10 1 2 3 4 5 6|z[mm]g
Fig. 4. Dependence of the temperature T(zt) on the distance |z| from surface of
friction for three values of time t at the strip thickness d =5 mm.

780
7:nax[UC] ]
760+

d=o0 (cast iron - FMK-11 semi-spaces)

740

720

700

680 |

660+

640 |

620+

600 |

580; d=0 (cast iron - steel semi-spaces)

560 |

0.01 1 2 3 4 5 6 7 g d[mm] 10

Fig. 5. Dependence of the maximal temperature Tpmax=T(0,tmax) On the strip
thickness d.

1000
T;nax[oC] 7
900

800
700 7
600 |
500 |
400

300

200

100 . . ‘ ‘ ‘ : ‘ . ‘
0.5 1 2 3 4 t;[s] 5

Fig. 6. Dependence of the maximal temperature Tn.x on the time of braking t; for
the strip thickness d =5 mm.

slightly. It shall be noticed that the friction pair considered
&=1.549 and &=1.317, and dimensionless brake time 7,=2.1 at
ts=3.44 s and d =5 mm.

6. Conclusions

The analytical solution of the transient one-dimensional contact
problem with frictional heat generation during braking for the sys-
tem, which consists of the semi-space and semi-infinite homoge-
neous foundation with coating, was found. Such solution
describes a model of heat generation process during single-braking
mode in multi-disk brake. As distinct from other solutions ours
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0 1 2 3 4 €t 5

Fig. 7. Dependence of the dimensionless maximal temperature T, on the
dimensionless parameters ¢, for three values of the dimensionless parameters &
at the dimensionless time of braking , = 2.1.

determines the temperature in each element of the tribosystem,
both in the heating phase at braking and in the cooling phase,
when the brake is stopped. Moreover, the temperature evolution
and distribution in relation to thickness of each materials of fric-
tion pair: cast iron disc + FMK-11 metal ceramic patch on the steel
foundation, were examined. The maximal temperature value
Tmax = 740 °C, obtained as a result of numerical calculations, corre-
sponds pleasingly with the respective value found in paper [2].
This proves that achieved in the present paper analytical solution
of a linear boundary-value problem of heat conduction parabolic
type, may be applied in calculations of temperature regimes for de-
fined brake systems even without taking into account complicated
dependences of frictional coefficient on temperature.

On the basis of achieved numerical data, the engineering formu-
las for temperature determination in the arbitrary point inside the

strip at tna.x moment, when the temperature of the contact surface
reaches the maximal temperature Ty,.x, Were proposed. In addition,
the respective dependences for Ty.x and tpnax on braking time t;,
were included.
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